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Abstract. Considering the family of L-functions {L(s, f)}feH k where is the set of 
weight k Hecke-eigen cusp forms for SLi^E), we prove a zero density estimate near the 
central point, valid as the weight k — > oo. 



1. Introduction 

In the analytic theory of L-functions, it is sometimes possible to circumvent assumption 
of the Riemann Hypothesis by applying certain zero density arguments. Briefly, one ar- 
gues that in a family of L-functions that is sufficiently "spectrally complete", the number 
of zeros of functions in the family to the right of the half-line is comparatively few. His- 
torically, zero density questions were first considered with respect to the Riemann zeta 
function £(| + a + it) as the parameter t varied, and the first result along these lines could 
be said to be the Hadamard-de la Valee-Poussin zero-free region. Later investigations 
focused on the number 

N(a,T) = #{p = ~ + f3 + i 1 : ((p) = 0, o < 0, < 7 < T}, 

proving that this number decayed in the power of T with increasing a > 0. The strongest 
result in this direction is due to Ingham [8j 

N(a,T) = 0(T 3( 5- CT )/(f- CT ) log 5 T). 



Selberg [19J made a major contribution to this theory, proving the uniform bound 

N{a,T) < T^TlogT, 

in < a < |. The crucial feature of this estimate is that the power of logT matches the 
true order in the number of zeros of £ up to height T, so that the estimate is still useful 
even when a is on the order of This formed one of the key analytic ingredients in 
Selberg's unconditional proof that the real and imaginary parts of log£(| + it) become 
normally distributed in large intervals t E [T, 2T\. 

Subsequent to his work on (, Selberg |18| proved an analogous zero density estimate 
in the family of Dirichlet L-functions to a large modulus q, with q rather than t thought 
of as the varying parameter. Using this estimate, he showed that for fixed t the argument 
of L(| + it,x) becomes normally distributed as % varies modulo q, for q — > oo. More 
recently Luo Ifl5l has given an analogue of Selberg's bound in t-aspect, replacing ( with 
the L-f unction of a fixed Hecke-eigen cusp form for ,SL 2 (Z): 

N f (a, T) := #{p = l - + (3 + i 1 : L(p; f) = 0, a < /3, < 7 < T} « f T 1 ^ log T. 



Together with earlier work of Bombieri and Hejhal (TJ, this established the asymptotic 
normality of logL(| + it; f) for t G [T, 2T], f fixed with T — > oo. The purpose of this 
article is to prove a parallel extension of Selberg's Dirichlet L-function estimate but now 
for the family of L-functions associated to modular forms of large weight k. As in Sel- 
berg's work, an important aspect of our estimate is that it is uniform in k and for T in 
the ranges < T < k 5 , for some small 5 > 0. This plays a crucial role in the author's 
related paper 0, where it is established, unconditionally, that varying / among Hecke- 
eigenforms of weight k, log L(|; /) is bounded above by a quantity that is asymptotically 
normal as A; — > oo. One further piece of context: Kowalski and Michel fl3l have proven 
another extension of Selberg's theorem to the family of weight 2 modular forms of large 
prime level q, and Conrey and Soundarajan [2] (real Dirichlet L-functions) and Ricotta 
[16] (Rankin-Selberg L-functions) have given related estimates, each with applications to 
non-vanishing. Suitably modified, our estimate has similar applications, but we do not 
pursue them here. 

To state our density result more precisely, let S k denote the space of weight k cusp forms 
for the full modular group Y = SL(2, Z) and let H k be the basis of forms in S k that are 
simultaneous eigenfunctions of all the Hecke operators. Write the Fourier expansion of 

/ G H k as 



n 2 \f(n)e{nz). 



n=l 



We normalize / G H k so that A/(l) = 10. The L-function associated to / G H k is 



a) «.i/)=E^=n(i-^+£) • ««>i- 

n=l p V F F 7 

This is a degree two L-function with completed L-function 

A( S ;/) = (2vr)-T( S + ^)L( S ;/) 

satisfying the self-dual functional equation 

A(s; f) = i k A(l-s;f). 

In particular, with our normalization the Riemann Hypothesis asserts that all zeros p of 
A(s; /) satisfy 3?(p) = \. 

For / G H k and T growing, but small compared to yk, the number of zeros p of L(s; /) 
with < < T is ~ j- log A;. Thus the density of zeros of L(s; /) near the central point 
s = \ is Our main result says that on average over the family T k there are very few 
forms with zeros with small imaginary part and real part to the right of | + 

Theorem 1.1. Let < a < \. For some sufficiently small 5,9 > we have uniformly in 

T^z<T<k s 

log k 

N((7, T) = 7 -L # + Z 3 + *7) = : o" < | 7 | < ^} = 0(Tfc- 9ff log fc). 

I fc l/e// fe ^ J 



-i 



1 In particular, in our normalization Deligne's bound [3J reads |A/(n)| < d(n), the number of divisors of 

n. 
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The main new analytic ingredient of our theorem is the following asymptotic evalu- 
ation of the harmonic twisted second moment of L(s; /), which may be of independent 
interest. 

Theorem 1.2. Let a > 0, ^ \t\ < hh and I <~khbe squarefree. We have the following formula 
for the harmonic twisted second moment. 



feH k 



<(l + 2a)^ + C(l-2a) ( ^ T M 



4vr J £i 



Air 



+ o ( f 1+a k-^- 2a+e 



+ I , ai + 2l()( M- 2 ' +2 "5i + ^(l-2«,^V 2 '" 2 "^' 



(to) 



The harmonic average (indicated by Y^ h ) means that forms / G Hk are counted with the 
weight 

U7iY~ k T(k - 1) 

w,= — m — • 

which appears in the Petersson trace formula. Harmonic averages similar to this one have 
an extensive history; see for instance lHHl , H5j 1161 and references therein. Our proof is most 
noteworthy for the fact that the evaluation of main terms goes "beyond the diagonal" and 
yet is not too difficult. After applying the Petersson trace formula and Voronoi summa- 
tion to the resulting sums of Kloosterman sums, the off-diagonal main term arises as the 
Fourier transform of the relevant function at zero, and the remaining integrals against 
Bessel functions are error terms. The analysis of these error terms involves integrating 
against the Bessel function Jk-i(x) near its transition region, and this is bounded in a 
similar way to an analysis of the twisted first moment of L(|, sym 2 /) in ||T2| . 



2. Outline of proof 



The method of proof of Theorem ll.ll is the same as in Selberg's original work on Dirich- 
let L-f unctions; in particular, we appeal to the following version of the argument principle 
introduced there. 

Lemma 2.1. Let cube a holomorphic function, non-zero in the half plane 3?(s) > W. Let B be the 
rectangular box |3(s)| < H, W < ft(s) < W x with W < W < W x . Then 

'n(P-W ) 



AH cos \^Jf) sinh ( " 



u,(^+i 7 )=0 



IE 



J cos (j^J log\u(W + it)\dt-& J cos ^7r — — + lt ^j loga;(Wi + %t)dt 





Ttt \ 


cos ^ 




2Hj 








sinh | 


J W 





-r / sillll ( - — ■ — — ) log | a.' (O -i /H)jj(<\ — lH)\(~!(\. 
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The fundamental proposition that we prove is the following. 

Proposition 2.2. There exist holomorphic mollifying functions {M(s; f)}feH k satisfying M(s) 
M(s), such that for sufficiently small positive 5 and 9, uniformly in \t\ < k 5 , < a < 1 

2 



feH k 



M(- + a + it;f)L(- + a + it; f) 



< 1 + O(k- 0(J ) 



and for all t, 



M(~+it;f)L(^ + it;f) = l + 0(k- 



To deduce Theorem [1J] from this Proposition, apply the lemma to the holomorphic func- 
tions M (s; f)L(s; f) with box bounded by ~ + ± 2iT and | ± 2iT. The special feature 
of the lemma which permits uniformity even for small T x ^j:, is that only the real part 
of the logarithm appears in the part of the integral contained in the critical strip, so that 
this part may be bounded using the second moment estimate of the Proposition. 

The further details of the deduction of Theorem [Tj] are not difficult, and may be found 
both in Selberg's original argument, and in the treatments in [2] and fl3|. In the remainder 
of the paper we are concerned with the proof of the Proposition, which takes place in three 
stages: first we calculate the harmonic twisted moment, proving Theorem 11.21 Next we 
mollify the second moment with respect to the harmonic weights. Finally we remove the 
harmonic weights via the method of H3l . 

3. Some lemmas 

Lemma 3.1 (Hecke Relations). For each Hecke eigenform f, the Fourier coefficients of f satisfy 
the relation 

\ f (m)\ f (n) = A /(^ } - 

d\ (m,n) 

This is equivalent to the Euler product (Q]). 

The basic orthogonality relation on H k is the Petersson Trace Formula. 
Lemma 3.2 (Petersson Trace Formula). We have 

E r \ , n / \ e- -a-V^ S(m,n;c) T An 
Xf(m)Xf(n) = b m=n + 2m ^ J fc _i( — Vmn) 

feH k c=i C C 

Proof See e.g. p 360. □ 
Denote by 

(2) r,<„) = E g 

nm2=n 
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the generalized divisor function. We will use the following version of the Voronoi sum- 
mation formula. 

Lemma 3.3. Let g : R + — > R + be smooth with compact support. Let c > 1 and (a, c) = 1 with 
ad = 1 mod a We have 

oo /*oo /* oo 

V r lt (m)e (— ) g(m) = c^Cil - 2it) / g{x)x~ it dx + cr 2 ^ 1 ^ + 2it) / g(x)x it dx 

+ -y^^We ( — — J / 9( x ) J m(—\^ dx 
\ c J Jo c 



m=l 



where 



1 ^ , , p . . , An „ , 

+ - > ^(nje — / g{x)K^ t {—y/nx)dx 
c n=l \ c / Jo c 



J»{x) = —^7(-Ux) ~ J-u{x)), K+{x) =4cos—K(x). 
sin 4r 2 



Proo/. This is a slight modification of [9] Theorem 4.10. □ 

In bounding oscillatory integrals we make use of the following simple estimate ([20 J, 
Lemma 4.5) 

Lemma 3.4. Let F(x), G(x) be real-valued functions on [a, b] satisfying is monotonic and 
F"{x) > r > 0, \G(x)\ < M. Then 



8M 

< 



G{x)e iF{x) dx 



3.1. Facts concerning Bessel functions. The Bessel function of the first kind, J u (x), has 
Taylor series about zero given by 

' mil [v + 1 + m) 

m=0 ' 

Differentiating, one obtains the relation 

(4) Jl(x) = ±(J v+1 {x)-J v . 1 {x)). 

The Mellin Transform is given by 



(5) / J k - 1 (x)x s ~ 1 dx = 2 



r 



For x small and v fixed, J„(x) is well approximated by the first term of its Taylor expan- 
sion: 



Taking more terms of the expansion leads to the bound (|17|, p 5) 



(7) 



\Jk-i(x)\< ~ 



x < 2k. 



T(k-l) 

In particular, if x < then Jk-i(x) < e~ k - The Bessel function of the second kind, Y u (x), 
is defined by 

J u (x) COs(z/7r) - J- U (x) 

For x small and v > fixed we obtain 

(8) Y u (x) r 



Sill U7T 



T(u) (2 



7T \ X 



We also need the modified Bessel function of the third kind, K v [x). For small x and fixed 
positive v, it is approximated by 

(9) *,(*)■ ™ f2Y 



2 \x 



When x is large, x > \u\ 2 {v possibly complex) asymptotic evaluations are given by (|H 
p. 85) 

(10) 

JJx) = 




2 / TXV TV 

COS x 

Tlx \ 2 4 



\ P{y) 

128x 2 



— sin x 



rr-\ V 2 -\ q ( I ;/| 



2 4/ 2x 



P(i/) = 16i/ 4 - 4(V 2 + 9 



(11) 

KJx) 



TV 




2x 



1 + 



1 + w\ 



x 



The asymptotic evaluation of Y v is the same as for J v , except that the places of cos and sin 
are interchanged. Also, 

(12) J+(x) 




2tv 

x 







(-3 






128x 2 _ 



7T COS X 



TT\ V- - j / 1+ k 16 



4/ 2x 



In the transition region, where x is comparable in size compared to k, Watson's formu- 
las (BUI, p. 89) are, for x < k, 



nV3 
and for x > k, 

w 



7 I W 1-1 

a = k \ w H tann w 
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or 

T 2 



J k (x) 



^i/3 (-3- cos(5+-)-y. f— sm(5+- 



= /.' ( w — — tan 1 10 ) . 



x* 



- 1 



Note that 



x = k + k L 



WXfe 2 , 



For \x — k\ < kl, substituting the asymptotics ©, ©, ® into Watson's formulas, we 
obtain the bound 

(13) J k (x) < k^r, \x-k\<k~^. 

For \x — k\ > kJ we have w 3> k~. In this region, substituting the evaluations ((TO]) and 
dTTJ we obtain 

p kw— k tanh - 1 w 

(14) J fc (ac) = 7 =^- [l + 0(Ar\(r 3 )] + 0(k^ 1 ), x < k 

y2nkw 



(15) Jk( x ) — A / — ; — cos (A;«; — A; tan 1 u; ") + 0(/c 1 + A; 1 w 2 ), x > k. 

V 7rA;i(; V 4/ 

One further consequence is the following simple lemma. 
Lemma 3.5. For any integer k > and any A < k 2 , 



I | J k (x)\dx < \/A 

JO 



Proo/. For A < 1 use the bound ©■ In the range A < k — k? use (fl~4|) and w ^> k 4 to 



deduce Jfc(x) C 1 + e Q ( k ^) k 1 uniformly in x < A For k — k^ < x < k + k^ bound 



simply Jfc(x) = 0(1). In the range k + kz < A < 2k use (|15|) to bound 



a A f A 1 1 



1 k ,/ fe+fc £ VA;«; fatr 



For k < x < 2k, w 3> J so the last integral is 

f A ~ k 1 1 a'j 
< / — - + -d 2 /<- r + logfc«: >/Z. 

Finally, for x>2k,w = and so ([T5j> says that | «7 & (a;)| < + |. □ 



With an eye toward applying Lemma 13.41 and with x > k and w = y |§ — 1 as above, 
we record 

d kuj k^ 

(16) — — (kw — A; tan -1 w) = — , —-z -{kw — k tan -1 w) 



8x y x dx 2 " z 2 (a: 2 - fc 2 )i 



3.2. Approximate functional equation. Fix, once and for all, a smooth function H 

R+ -»■ K+ satisfying 



(1) H{x) = 1 for x G [0, §] 

(2) + if (I) = I. 
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In particular, the Mellin transform H(s) has a single simple pole at of residue 1, is odd, 
and satisfies the bounds 

A(s)<< M s +i)...( S +A-ir A=1,2 -- 

and, for $ft(s) > 1, |F(s)| < 2 R ( S ). 

Recall Stirling's formula: for > 1 

lo g r(z) = (z-^)logz-z+ l -^ + ^ + 0(\z\- 2 ) 

and 

^w = io g ^-^ + o(kr 2 ). 

It follows in a straightforward way that ii^t(z) is large and |A| < 3ft (z) 5 then 
(17) r( p ( ^ A) = exp ^Alogz + ^ + O (lA^r 1 )^) . 

We now record an approximate formula for |L(~ + a + it; /)| 2 . 

Proposition 3.6 (Approximate functional equation). We have 
(18) 

\L(l+a+it; /)| 2 = E ^ E A/(m l T ;l (m) (^WM 2 ) + (47rW) 2 ^,_ CT+it M 2 ) 



rf 1 j 
d=l m=l 



Here 



i /■ i r(a + f + 2t + s)r((x + f -zt + s) 



and 



2vrz J {3) (4tH£) T(a + f + zt)r(cx + § - it) 



1 /" 1 r(-a + l + it + s)r(-a + l-it + s) 



Wk^+uiO = — / 2 fc fc 2 i?(s)ds. 



Proo/. See pp 97-100. □ 



The functions Wk,a+it and Wk-a+u satisfy the following properties. 
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Lemma 3.7. As functions of a real variable, both W k ^ +it and W k - a+ u are real valued. For t < 
and \a\ <2we have 



Q\3 



e ( ^ ) «, i 



and 



-a 



+ it)T(-a + §- / 



r(<r + f + it)r(<7 + f - it) 



2 \ fe? 



80£ 



CM ^WWK) «, AT 4 '. 



Proo/. Pair s and s in the defining integrals to prove that W and are real. 

For the bounds on the functions, shift the contour to 9ft(s) = ±k^ and estimate the 
ratio of Gamma factors using Stirling's approximation. The derivatives are bounded by 
estimating directly on the 3?(s) = line. □ 



4. Twisted second moment 



Proof of Theorem \L2\ From the approximate functional equation, 

J]%(£)|L(i + a + zt;/)| 2 = 



feH k 



ndm) 



Wfc !(7+it (md 2 ) + (4ir 2 md 2 ) 2 °W k ,- a+it (md 2 )\ £ A/(*)A/(m) 



Applying the Petersson inner product we obtain a diagonal term 



Tft(fl^ 1 



WW(&0 + (47T^^) iCT ^,_ (J+ ^(M 



and an off-diagonal term 



W k , a+it (md 2 ) + (4n 2 md 2 ) 2 °W k ^ +lt (md 2 )\ ^ 



m,d=l "" c=l 

Introducing the integrals defining W and W, the diagonal term is equal to 



c \ c 



T M I 1 /" C(l + 2a + 2s)r(s + cr+f +2t)r(s + a + f -if) 



^ CT 27TZ 



(3) 



(47T 2 ^) f 



r(<r + § + it)V(a + f - ^) 



+ #(s + 2a)) 



and this evaluates to the first two main terms, with an error that is 0{\), by shifting the 
contour to the 9ft(s) = — | line3 

The two remaining main terms come from the off-diagonal sum, so we now work to 
isolate these terms. To begin, we exchange order of summation and discard those terms 
with cd > 10000a/!, writing 

2m k E ntim) f^ i]C) \w Ku+lt {md 2 ) + (^md 2 )^W k ,. a+tt (md 2 



ccKlOOOOv 7 ! m=1 



xJk-i ( — Vim 



c 



This is justified because for cd > lOOOOv 7 ! the sum over m is extremely small. Taking 
absolute values inside, those terms with m < are bounded by applying the bound (0 

for the Bessel function and bounding W and W by 0(1), yielding 



fc-i 



,4rr 1 V- 4-^/27T /— V (cdk£)°^ A I , ^2 

by bounding each term in the sum by the largest term. In the part of the sum with m > 

i 

we bound the Bessel function by 0(1) and W, W by <C ^ 80 ^ m ) / yielding 



1 ( k 2 \ „ j4ct / £2 



« crf4<T E ^(srV) « C(i4 



1 7712 
m>k 2 c/£^d 



80cd 



Summed over cd > 10000 y/i both of these bounds converge and yield a result 



<<£ 0(l) e - fe V4 



which is negligible. 

In order to apply the Voronoi summation formula to the sum over m we open the 
Kloosterman sum and introduce a function of compact support. Let F 6 0£°(IR + ) satisfy 



(1) F(x) = 1 for < x < lOOOfcv^ 

(2) supp(F) C [^,2000&V^] 

(3) For each j = 0, 1, 2, ... and all x, x j £jF(x) <^ 1. 



2 The pole of £ does not contribute since H(—a) + H(a) = 0. 

10 



and consider the perturbed sum 

00 ~- (r m \^(o,m s 



2ni k V — V *e (-) V ^ (m l' (T) [WW™* 2 ) + (4 7 r 2 mrf 2 ) 2 nn,_ CT+i£ (md 2 ) 
cd 1+Z(T ' \ c / ^— ' ffl 2+" L 



cd<10000v^ a mode x x m=l 



J fe _, (^v^n) F (^v^ 



This negligibly changes the sum, since for those c, m for which F y^-y/ irnj is not iden- 
tically 1, either or W or W is extremely small: there are 0(£°^k°^) terms with 
^fVI^ < and for these terms, J fc _i (^Vlm) < e~ fc . Meanwhile, if ^Vi^ > 
then m > (^p) 2 k 2 c 2 so that the sum is bounded by 



« £°^k°w y y ( " « ^w^We-^ . 

^ ^ \80md 2 J 

cd<1000v / £ m >(iM0) 2 fc 2 c 2 



Set 



g(x) = g c ,d( x ) 



and 



X2 

•M^) = — !— ^-^(d 2 ^) J fc _i f — VIx~ j F ( — Vfe 

so that the summation over m is given by 

,am 



J2T tt (m)e(— ) {# c , d (m) + (47T 2 cf ) 2<J # Cjd (m)} . 

Applying, for each c, d, Voronoi summation in the sum over m, the function g cd yields 
four terms^ 

cd< 10000^2 

+ 2^(1 + 2U) £ ^ j~ gU^dx 

cd< 10000^2 

1 °° Z" 00 47T 

(J) +27T? fc -^^^ T *t^)S^,t-n-,c) J g Cid {x)J+ t {—V^)dx 

, 1 C " n =l ^ 



(K) +2m k V — =— -}T U {n)S{0,£ + ri;c) / g c , d {x)K+ t (— V^cfo. 



cd< 10000£3 



with four additional terms coming from summation against g. We are going to show that 
the first two terms combine with the corresponding terms from g to yield the remaining 
two main terms of the theorem, and that ((]} and (O are error terms. 



Note that summation over a mod c* has been replaced by Ramanujan sums. 
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4.1. The off-diagonal main terms. Expanding the definition of g c ,d(x), the first two terms 
above are equal to 



2i k m 2vrC(l - 2it) Yl 



c 2-2jt^l+2(T 



crf<10000£? 

POO 

x / 

Jo 



W Ka+tt {d 2 x)J k ^ (^Vi^j F (^-Vl^j x-^- u dx. 



With negligible error the function F may be removed from the integrand, and then the 
sums extended to all c and d, this justified by the continuous analog of the arguments 
given above involving summations over m0 Inserting the definition of Wk^+it we obtain 



2™ 2ttC(1 - 2it) 



erf 



S(0,£;c) 

c 2-2it ^1+2ct 



X 



1 r(s + a + f + zt)r(s + cx + f 
2vrz 7 (3) (4iv 2 xd 2 ) s T(a + \ + it)T(a + \-it) 



H(s)ds 



Substitute w = ^-y/Ix and exchange the order of the integration to obtain 

(4tt) 2<j+2i *C(1 - lit) ^ S{0J; c) 



2z fc 9£< 



c.d 



[cd) 



1 + 2(7 



X 



2ttz ./(3) V c 2 d 2 



U \ 3 T(s + a + § + z£)r(s + o- + § - it) 



I> + § + i£)r((7 + I - it) 



His) 



" J k _ t { w ) w ^- 2it - 2s — 
11 w 



We replace the inner integral with the Mellin transform of Jk-i- Also, we shift the sum 
over c and d under the integral. Recall that the Ramanujan sum evaluates to 



S(0,a;p) = -1, 
S(0,a;p e ) = 0, 
S(0,p;p) = p-l, 
S(0,ap,p 2 ) = -p, 
S{0,ap,p e+1 ) =0 



(a,p) = 1, e > 1 



Thus the resulting Dirichlet series £) c d ^Jy+ e 2 ^l 2s collapses to the finite product 



n(i 

P \e 



P 



l+2cr+2s 



-1 



1 + 



P 



P — 1 



pl+2a+2s p2+4cr+4s 



II ~^ p2a+2s 



4 We bound only the real part of the error. Recall that W and W are real, so that the imaginary parts of c lt 
and x lt are O(tlog^) and 0(t logx). 
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Combining these steps we arrive at 

1 «H' 2niJ m T ' + ' (q r(<r + | + if)r(<r + | - if) 

Repeating these steps, one proves that the main terms coming from g c>d are (again to 
within permissible error) 

\ 2 T ii (s) T - + ' w r(<r + 1 + tt)r( g + 1 - a) 

In this integral, we change s to — s and recall that H{—s) = —H{s), so that the combined 
contribution from the g Cj d and g Cj( i main terms is equal to 

2Ti\i ( 3) A-3)J r(<T + * + it)r( g + *->t) w 

Thus the two terms together are just equal to the residue of the integrand at the pole at 0, 
that is, 

2i*» |c(l - 2it){2^ +m T ^ )T{ ' a+ y it) \ = (c(l - 2it) ( AV" 



eh u r(o- + | + #) j 1 v 47r / 

+o((i + t 2 )k- 1 ). 

4.2. The terms containing Bessel integrals. The term ([K} is extremely small, since the 
K-Bessel function is exponentially small for large variable and the function g c d localizes 
the variable to be of size at least ky/j. The term ([[]) requires some more care, and we get 
cancelation from the change in rate of oscillation of the J-Bessel function in its transition 
region. 

The integral in the term |j} is equal to 

f f (-Vh!) 4 t (-v^)4^ 

JO \ C J \ C J C I2 +<T 



Substituting y = ^-ylx we obtain 



cd< 10000 



n=l 



x jHwW (t^Q 4-1(2/)^ (vjf) F(y)y~ 2a dy 

Now replace J^ t with its asymptotic expansion 

P(2it)£ 



J ™( y \ly=-yjVn s ™{ y \lhj 



1 - 



128y 2 n 



n tt \ -At 2 - 1 



7TCOS \y\ - - - 



4; 2y 



3 



+0 



;i + t b )P 

y a ni 
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Using the integral bound in Lemma [3.51 the error term contributes 0( l \ ,^ +t - ). In the 

remaining terms we can integrate by parts several times to truncate the sum over n at n < 
£k e , with negligible error. We show only how to bound the contribution from integrating 
against the main term 



the rest of the main term can be handled in exactly the same way, and it produces an error 
of smaller size. 

We will prove the following bound. 

(B) r WW ( Jk-x{y) sin ( y x l^ - -\ F(v)y=t-*>dv « ih^^. 



XAnyej yaj V V i 

Assuming this bound for the moment we find that the contribution to ([[]) from integration 
against (fl9l) is 

ti +a 1 V \S(0,£-n;c)\ 

cd<1000v / I n<^fc E 

Here the n = £ term contributes <C gik~^~ 2a+e while the n^f terms give 



n<£fc e ci|n— ^ 

n ^ C!C 2 (i<1000\/^ 

The term corresponding to ((]} coming from g is handled in an analogous way, so it only 
remains to prove the bound (jB). 

To prove the bound (O we split the integral into the ranges y < k — k 1 / 3 , k — k 1 / 3 < y < 

k + k 1/3 , and k + k 1/3 < y < 2000k\/I. For y < k - k 1/3 we use the bound 



l+o- 7^-i-2cr+e 



gfcui— fctanh 1 w / fc 2 



J fe _!(y) « j= + Oik' 1 ), w = \l ^ - 1 



'fcu; V x 

which easily gives a bound of <C AT5~ 2cr since for small w, 

1-1 ^ U ' 3 3A-1 a 1 

/cu> — fctanh u; ~ x A; 2 y = k — fc , A > — . 

3 y 3 

For — A; 1 / 3 < y < A; + A; 1 / 3 we bound simply Jk-i{y) "C A;~^, so that this part also 
contributes <C AT2"~ 2 °". 



In the remaining part of the integral we have from (fT5l> (set k! = k — 1), 



Jk'(x) = \ — — cos C A/io — A;' tan 1 w \ + Oik 1 + k 1 w 2 ); 

V rck'w V 4/ 



x 2 



Integrating the error term produces 

-lOOOfcv^ 



A +fc i/3 -y2+ 2CT (y + k')(y - k') 



, A+fc i/ 3 ^+ 2 -(y + A:')0/-A:') 
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Now consider a diadic interval [k + A, k + 2 A] with A > A; 1 / 3 . On such an interval we have 
that w is fixed to within a constant. Moreover, 



2 fj, jj. -l 7T\ / fn 7T 

cos ^/c u> — re tan u> — —J sin I yy — 



V vrre'w V 4/ V V ^ 4 

may be written as a linear combination of exponentials of the form 



2 



■:[±(fc'«-fc'tan-i«,-f)±(y > /f-f)] = G ( y ) e * F 



V ttk'u; 

By further subdividing [A; + A, re + 2 A] into 0(1) subintervals we may assume that is 
monotonic. Recalling ((16)) , 

rf 2 k' 
-y-z{k'w — k! tan -1 w) 



dy 2 y 2 w ' 

we obtain from Lemma l3~4l that for each Be [k + A, k + 2 A], 

f B I 2 fu -i n \ ( fa A j + ^ 

/ \/— — cos A; io — re tan w sin m/W — aw — : — . 

J k+A V nk'w V 4/ V V I 4/ # 
Thus summing diadically we conclude that for all z E [k + A: 1 / 3 , 2000 A; we have 

(re'w - A/ tan" 1 w-^j sin (y^-I^j « 



' 2 
— — cos 
Ttk'w 



Set 

/•2000fcv^ / „2j2„,2 



Wk ^ (^) /3^ cos ( k ' w - k '^ lw - D sin (»yf - 1) 

/■sooofeV? fc 2 d 2 v 2 \ i 



and integrate by parts. Substituting our absolute bound for I y and the bounds 

<9 fc 2 d 2 y 2 \ 1 . 1 

gives the result <C k^^ 2a log£. This completes the bound (©. □ 

5. Mollification 
Write the inverse of the L function L(s; /) as 

£( ^-. = f : aM = n ( 1 _^ + i) i sw>1 

n=l P 

The coefficients Of(n) are supported on cube-free numbers, and for m, n square-free, 
(m,n) = 1 we have a/(mn 2 ) = //(m)A/(m). We define a mollifier for L(| + er + it; /) 
by 

, ,/l „ v af(n)F(s(n)) 

(20) M(- + (T + it;/) = 53 j 



n 2+°"+** 
n=l n 
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Here s(n) = Yl P \ n P denotes the squarefree kernel of n and F(n) is a cut-off function to be 
given explicitly later, but for which we stipulate F{n) <C rf and F(n) = for n > M = k e 
for some 9 < g. In particular, we have the representation 



M{\ + a + itJ)= 



(m,n)=l 



b /j,(m)\f(m)F(mn) 



so that 



E 



' ^(mi) /j l (m2)Xf(m 1 )Xf(m2)F(m 1 ni)F(m2n 2 ) 



(mi,m)=l 



m 



. I +cr +** ™ i+CT-it l+2cr+2it „ 1 



2 % "'2 

fi(mi)fi(m2)\f(mim2)F(dmini)F(dm 2 n2) 



+2cr+2it n l+2cr-2it 



(21) 



(mi,m)=l 
(m 2 ,n 2 )=l 



m 



3+°"+** k +a ~ U ^ l+2cr+2it 1+2cr-2it 



7?) 



»9 



From this representation, we find 



(22) 



M(- + <r + if; /)L(i + <7 + it;/) 



E d 1+2a E 



t fj,(mi)fx(rri2)F(rninid)F(m2n2d) 



(mi,ni)=i mf m 2 z 

(m.2,n2)=l 
(minim2ri2,rf)=l 

^%(m 1 m 2 )|L(- + a + it; /)| 5 



l+2a+2it „l+2<r-2it 



Tlr, 



Substituting our expression for the twisted second moment, we find that 
expr. 022]) + 0(k 3e - 2a -^ +€ ) 

~ E ^1+2(7 E 



IJ,(mi)n(m2)F(minid)F(m2n2d) 



2+ CT+i * 2+ CT_i * l+2(r+2it 1+2o--2it 



(mi,m)=l JTlf ?Tl2 n x 

(m2,Tl2)=l 
(minim2ri2,ci)=l 



\m\Td2) 

= 5! + 5 2 + 2i fe 9kS 3 
We may rewrite the divisor sums 



-4(7 



x U(l + 2a)^i^ + C (l - 2a) (A ^ ~'' * 1 '" 2 j 



C(l + 2zt) 



-2<r+2it 



\m\vn2 ) 2 



(mim 2 ) 



r s (mim 2 ) = (-^ j = ^ fj,(g)r s (— )t s {— ). 

I\l2=rn\m,2 2 g| (mi ,7712) 



5 
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Doing this, and shifting the sum over g to the front we separate the variables m 1 and m 2 . 
Thus we find: 



* = «l + 2a)E^ E 



d (g,d)=l » 



E 



b fj,(m)Tit(m)F(mngd) 



(m,n)=l 
(mn,gd)=l 



m l+2a+it n l+2u+2it 



and similar expressions for £2, and £3, although the inner sum in £3 is not a square. In 
fact, there is substantial cancellation in the inner summation for S\ above coming from 
the Mobius function. The sum is in fact equal to 



2+4<7 



E 

(m,gd)=l 



b n(m)F(mgd) 



m 



l+2a 



We also find 



S2 = c(1 _ 2 ,)g)- 4 ' E ^ E 



x 



M)=l 



E 



t- n(m)Ti t (m)F(mngd) 



(m,n)=l 
(mn,gci)=l 



m l+it n l+2(T+2it 



s E^E 

7 <* (fl,d)=l 



g 2+2a+2it 



X 



n(m l )F(migd)F(m 2 gd) \ - ^(m\) ^(m 2 2 ) 

m l+2 lt 2^ ( m l)( m 2U + 2a( m 3U+2a-2if 



5.1. Upper bound for the harmonic mollified second moment. We now fix the cut-off 
function F and prove an upper bound for the mollified second moment. Let 

1 < x < \[M 

(23) F(x) = { P(igf)) 4M<x<M 

x > M 

where P(t) = 12t 2 - 16t 3 satisfies P{\) = 1 and P'{\) = P(0) = P'(0) = 0. The function F 
is continuously differentiable. It's Mellin transform is equal to 

^ (s) = 24(M s + Mf) 96(M*-Mf) 



s 3 (logM) 2 s 4 (logM) 3 

It has a simple pole at s = with residue 1. Also, expanding F(s) in it's Laurent series 
about 0, 

(25) F(s) = - + Y. c « s " 



s 

n=0 
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the coefficients c n satisfy the bound 

(log M) n+1 
(n + 3)! 



C n < 



For this choice of cut-off function we prove 

Proposition 5.1. Let M = k e with 9 < | and suppose < a and \ t\ < kh. For M(^+a+it; f) 
defined by (l20l ) and cut-off function F as in (|23| ) we /zaue 



E 



1 1 2 

M(- + a + tt; f)L(- + a + it; /) 



< l + 0(A; 3e - 2,J -| +e ) + 0(A;- 9CT ). 



Proof. We prove <Si = 1 + 0(K- da ) and 9fc(«S 3 ) = 0(K~ 9a ). This suffices because S 2 < 
since C(l - 2a) < 0. 

By Mellin inversion 

(26) Sj. = C(l + 2a) ( — \ [ [ F(a)F(/3)G(a,(3;a)dadB 

\2mJ 7(2)7(2) 

where 

1 \^ Kd) ST b fi(m 1 )fi(m 2 ) 



G(a,f3;a) ^ , 1+2(T+a+/ g ^ r ,2+4 CT + Q +/3 



d {g,d)=l y (m l!ff d)=l m l m 2 

(rri2,gd)=l 



!> 



((l + 2a + a + (3) 

-if (a, p; cr) 



C(l + 2a + a)C(l + 2a + /3)' 

The Euler product defining if converges absolutely in the region a+2a > — |, p"+2a > — \, 
a + f3 + 2a > -|. 

To evaluate the integral, shift both contours to the line 31(a) = 3l((3) = and truncate 
the (3 integral at |3(/3)| < k with error 0(k~ 2+e ). Then shift the a integral to the contour C 
given by 

C := {a : U(a) = -2a - log 3/4 (2 + |9f(a)|)}. 

In shifting the a contour to C we encounter poles at a = and a = —2a — B. This first 
pole yields a residue 

(27) ^ i/- +i V W -W 2 > 



C(l + 2a) 2ttz ^ " C(l + 2a) 

The second pole has residue 

1 [ 1+ ^ +ik ~ ~ H(-2a-P,p;a 



F(B)F(-2a - B) — S- dff 
2iriJ 1+ i ik KP) 1 ^^(i_ /3 ) C (i + 2a + /3) ^ 

log fc 
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Here we can extend the integration to the full line, and shift the contour to 5f(/3) = —a. 
On this line, H(—a + is, —a — is; a) is uniformly bounded, and so the integral is bounded 
by 



(28) 



F(-a + is) 



C(l + a -is) 



ds 



+ 



|(X + 2s| 2 (logM) 2 |a + 2s| 3 (logM) 



ds + O 



Now using (a + b) 2 < 2(a 2 + b 2 ), the right hand side is bounded by 



k~ 



O 



+ 



ds 



+ 



(log A;) 4 / (hgM) 4 J_ OQ (s 2 + a 2 ) 2 (log M) 6 J_ ao (s 2 + a 2 ) 3 



(log My 



ds 



Since a > we deduce that the second residue is <C . The remaining integral, for a 
on C, is bounded using standard bounds for £ in the zero-free region and is quite small. 
Since with ((1 + 2a) <C log k we have the claimed evaluation of S\. 

In bounding 29ft(5 3 ) we handle separately the cases t < 41o 1 gX and t > 41o 1 gA , . 
When t > 41o 1 K we bound S3 in magnitude as we did <Si. By Mellin inversion 



(29) S 3 = ((l + 2it)[ — 



where now G(a, f3; a, t) is given by 

1 



k x -2<x+2it / 1 , ■_• 



G(a,(3;a,t) = ^ 



^l+2(T+a+/3 



E 

M)=l 



2m 



Kg) 



F(a)F((3)G(a,/3;a, t)dad(3 



(2) J (2) 
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2+2a+2it+a+/3 



X 



E 



M m 



(mim2,ija)=l x 



l+2it+a 



E 



//(m£)/x(m|) 



m2m|m|=rri2 



(m^) (m|) 1+2ct +' 3 ( m 3) l+2a-2i t +/3 



n 



pl+/3 pl+2a-\ 



+ 



pl+2o--2it+^ pl+2it+a pl+2a+a-\ 



+ 



C(l + 2a - 2it + + 2a + a + f3) 



H(a, /3; a, t) 



C(l + /3)C(1 + 2a + /3)C(1 + 2zi + a) 
Here the Euler product defining H(a, (5; a, t) converges absolutely for 

min(»(a), »(a + /?)) > 



To evaluate the integral in <[29|), shift a and /3 contours to the lines 9ft(a) = 9ft(/3) = 
We may assume that a < 10 ° 1 1 °||. ogfc since otherwise k~ 2a < (logfc ^ 100 and the integral may 
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be bounded directly using standard bounds for ( and ( 1 to the right of the 1-line. Now 
truncate the {3 contour at < k and shift the a contour to C given by 

C := {a : »(a) = - log 3/4 (2 + |9f(a + 2it)\)}. 
In doing so we pass two poles, at a = and at a = —0 — 2a. The first pole has residue 



C(l + 2it) 



-i 



2ni 



F(3)((\-2a-2U- 8) 



:+ik 
-ik 



C(l + 2ity 1 



C(i + £) 

F(-2c7 + 2it) 
C(l - 2a + 2ii) 



H(O,0;a, t)d(3 



H{0,-2a + 2it;a,t) + 0(1) . 



Expressing F(— 2cr + 2z£) using either the Laurent expansion for ((251) for |t| < or 
the direct definition ((231) for |t| > together with the bound <C s valid in the 

standard zero-free region we have that this residue is 0(C(1 + 2it)~ 1 ). 



The second residue is equal to 

+ik 



1 

27d 



log k 



((1 + 2a - 2it + 3) 



ik F( P 2a)F(/3) C(l + /3)C(l + 2a + /?)C(l + 2^-2a-/?) 



H(-2a - 0,(3)d0 



Shifting this integral to the line $t(j3) = —2a (the horizontal integrals are very small), and 
taking absolute values, we obtain a bound 



< 



\F(-2a + is)\ \F(-is)\ 
|C(l-2(T + za)||C(l-«s) 



rds. 



Arguing as above we have for all real s, |^_^| = 0(1) while for s G [—k, k], 



\F(-2a + is)\ 
|C(l-2a + zs) 



1 



+ 



1 



(log M) 2 \a + is\ 2 (log M) 3 \a + is 



so that the integral is O(j^) as in the second residue calculation for cSi. The remaining 



double integral with a on the contour C — 2it is again small. Thus for 41c [ gfc < t, we have 



om+i tr )+0 (—) 

for the integral in (|29l> , which suffices since in this range, C(l + 2it) = 0(log k). 

When \t\ < 41 p fc / we bound 25fc> 3 to balance the fact that £(1 + 2it) can be quite large 



(but mostly imaginary). Following the method of [2], let O be the circle 
Cauchy's residue theorem 



w 



21o; 



k ■ 



1 

2tH 



o 



k 

Air 



-2a+w 



C(l + w)t)(w; a) 



1 



1 



w + 2it w — 2it 



dw 
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with 



r](w;a) 



v i b v Kg) 

d (g,d)=l y 



x E 

(mim,2,gd)=l 



n(mi)F(migd)F(m2gd) 



m 



l+w 



E 



2}l+2a ( m 3\l+2cr-w 



As before, we may assume that a < 100 1 1 °|^ ogfc . The evaluation of r/(w; a) by Mellin in- 
version is exactly analogous to the integral performed in calculating S3 when 41 * k < \t\: 
there is a main term equal to £(1 + w)~ 1 0(l), a secondary residue term of size |^ and a 
smaller error integral. Thus rj(w; a) = O(j-^r). Thus the integrand in the integral over O 
is 0(k~ da log k). Since the length of the integral is O(j^) the integral itself is 0(k~ e °~). □ 



6. Removing the harmonic weights 



The starting point for the Kowalski-Michel fl3| method for removing harmonic weights 
is the formula ([10]]) 

-'- i(Mym2/) |ft|+0(log^) 



w. 



C(2) 



where L(s, sym 2 /) is the symmetric square L-function associated to /, defined by 



L(s, sym 2 /) = ^ 



Pf( 



n=l 



rr 



c(2«) £ 



A/(n 2 ) 



Thus the natural average is expressed as 



feH k 



L-M(~ + a + it; f) 



1 >r^^ _! 
; r > w f 



I ^ > h n 

- J2 ^(l,sym 2 /) 



C(2) 



feH k 



L .M(~ + a + it; f) 



0(k 



-l+e\ 



The method replaces L(l, sym 2 /) with a short Dirichlet polynomial approximation 



x = k K . 



n<x 



n 



A minor modification to the proof of Proposition 2 of |]T3l yields the following result. 
Proposition 6.1. Assume that the mollifier M(~ + a + it; f) is such that 



(30) 
and 
(31) 



SUp Wf 



L-M(- + a + it; /) 



< k~\ 



5 > 



E' 



L-M(- + a + it; f) 



< (log A;)' 
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Let x = k K for some n > 0. Then there is a 7 = 7(5, k, A) > swcfo f/iaf 



feH k 



L-M(- + a + tt; f) 



w f( 

feH k 



x 



L-M(- + a + it; f) 



0(k- 



The result of the previous section guarantees condition (|3Tj) . Trivially |M(~ + cr + it) | < 

and the best known subconvex bound (see fTT|) gives L{\ + <j + it) <C (k + \t\)^~^ +e . 
Thus condition (f30|> holds uniformly in |i| < k for < ~. Therefore, we complete the proof 
of Proposition I2.2l by proving the following uniform bound. 

Proposition 6.2. For sufficiently small k,5,9 > we have, uniformly in < a < 1 and 

\t\ < k 5 , 

1 2 



C(2) ( E n 

}&H k \n<x=k K 



M-L(- + a + it;f) 



< l + 0(k- ea + k- K/2+e ), 



where M is the mollifier from the previous section, having length M = k e . 



6.1. Proof of Proposition 16.21 Combining expression ((IT) for |M(| + o + it; f)\ 2 with 

^7^ = X^ d<:r ^777^ and the Hecke relations, we obtain 

£^|M(i + ff + *;/)l 2 



E E 



(mi,m)=l ^1 
(m 2 ,n 2 )=l 
(mim2nin 2 ,g)=l 



//(mi)/z(m 2 ) F(m 1 nig)F(m 2 n 2 g) 1 , / mim 2 <i 2 \ 



2 +cr+i * 2 +cr_i * l+2o+2it 1 +2tx-2it 



£ 2 d<x h\(d? ,m\m2) 



Write h = h\h\ where hi and h 2 are squarefree. Clearly /^K^i, ^2) an d Also, 
mim 2 ). Shifting the orders of summation, and then introducing our expression for 
the twisted second moment, we obtain 

1 2 



E E 



n 



M-L(- + a + it-J) 



El v - ^ 5 1 x t> 1 
l2~2-^l n l+2a 2-^1 } l 2 + 2cr 2-^1 



l> ix{mi)ix{m 2 )F{minigh 2 )F{m 2 n 2 gh 2 



(h 2 ,g)=l 



(mi,ni)=l 
(m,2,n2)=l 
(mim2riiri2,S^2)=l 



m," 



2 + °"~*' l+2(r+2it l+2a-2it 



m 



II 



I l» 1 



x ]T (C(l + 2a) 



+ 2^(C(l + 2^)(f- 



K / + C(l - 2a) — 

d(m 1 m 2 d 2 )2 + ' 7 V 47r 



k \ 2<T+2 ** T a (m 1 m 2 d 2 ) 



47T 



d(mim2d 2 ) 



h+it 



Ti t (m 1 m 2 d 2 

1 

d{rn\rn 2 d 2 Y 2 ~ a 
O ^k-^- 2 ^d 1+2r7 ( mi m 2 ] 



1 + 



The error term contributes 



^ ^-l/2+30-2 CT +e ;E 2+2 CT ^ ^-1/2+39+6^2 
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For a > \, the terms involving £(1 — 2a) and £(1 + 2it) are negligibly small and so we 
are left to consider only the £(1 + 2a) term; otherwise, for < a < \ we consider all 
three terms. In either case, we may remove the restriction on the sum over d with error 
x~2 +e . Thus 



^E*( E 



71 



C(2) 



\n<x=k K 



71 



M-L(- + a + it; f) 



Si + S 2 + 23?S 3 



with the stipulation that S 2 = S 3 = if a > \. 

We use the following lemma. 
Lemma 6.3. Let mi and m 2 be squarefree. For 3?(s ± 7) > 1 we have 



E 



T 1 (m 1 m 2 d 2 ) C(s) 



d s 



C(2s) 



C(s + 2 7 )C( S -2 7 ) |J 



p 7 + p 



-7 



I m 1 m 2 



1+P 



n 

p|(rai,ra 2 ) 



1 + P 2 ~< + P 



-2 7 



1+p- 



We first prove that for a < \, S2 < 0, so that it may be discarded. Since we assume 



<r < 3/ 



S 2 = C(l - 2a) ^_^| |C(2 - 2a + 2*t)| 2 



1 



C(4 - 4a) 



t> ix(mi)fx(m2)F(minik)F(rn2n2k) 



gl-2af l 2-2<r 



X X] ] + // L-/7 1-2rr-2// L+2rr-2/7 

(mi,ni)=l p|mi 



n a+ )<i 



it j „— it 



1 . , p + p 



(m.2,"2)=l 
(minim2ri2,fc)=l 



1 j p ™ 



n 



p-l +p -2+2*'J J.J. \ p+ 1 
p|(mi,m 2 ) 



P (1 + p 2i * + P - 2U - p~ 2+2 °)(l + p-^°) 



(p U +P~ U ) 2 



This may be rearranged as 

C(l - 2a) [f~ 2 A a \ |C(2 - 2a + 2it)\ 2 



C(4 - 4a) 



x 



e+ 



a(r) 



k=ghr 



gl — 2(7 ^2 — 2(7 !p2 



E 



b /j(mi)F(miriik) -r-r / 1 p lt + p lt 



(mi,ni)=l 
(mim,fc)=l 



,„l+it l+2<r+2it 



p|mi 



n a + )<i 



p i +p- 2 + 2CT 



where a(r) is the multiplicative function, supported on squarefree integers, and given on 
primes by 



a(p) 



p + 1 1 + p 2it + p~ 2it - p- 2+2a 



p 

p+ 1 
p 



1 + p-2+2 CT 



P + 1 p lt + p lt 
P 1 + p- 2 +2o- 

2 P+l 



(p l * +p-*') 2 



P+l 



P + P~ 1+2 V p + p-l+2a 
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Now observe 



gl-2af l l-2a r 2 H > 



b( P ) 



1 



+ 



1 



+ 



o(p) 



ghr=k u p\k 

We have 6(p) > 0; indeed, it suffices to check this under the conditions \p lt + p~ lt \ 



2, 



a = and p — 2, and in this case we find a value of 0.135. In particular, since £(1 — 2a) < 
this proves that S 2 < 0. 

Next we turn to <Si . We have 

C(2 + 2a) 9 1 

* = c(i + 2 -)^ir4 lc(2 + 2a + 22t)l £ 



k=gh 



gl+2a h 2^ 



X 



E 



l> ii(mi)fi(m,2)F(rniriik)F(m2n2k) 



(mi,i!i)=l 
(m 2 ,n 2 )=l 
(rn\n\m2ri2 ,k)=l 



l+2a+it rr ,l+2a-it„l+2a+2it 



m 



n 



n 



p|mi 



1 p lt + p 



-2-2a 



p|m 2 



1 j ^ ^ 



P 1 + p" 



-2-2(7- 



n 



p|(mi,rrt2) 



p (1 "I - J}^*' -|- p ^ ~ rr 



-2-2cr^ 



p+ 1 



C(l + 2a) ^ + ^ |C(2 + 2a + 2^)r( — 



/3; cr, t) 



C(4 + 4a) 

C(4 + 4a) 
C(2 + 2a) 



n 



+ 



(2) J (2) 



+ 



F(a)F(P)G(ct, (3; a, t)dad/3; 

1 1 

+ 



p2+2a 1 pl+2cr+Q+/3 p2+2cr+o+/3 pi+Aa+a+fi p5+6a+a+/3 



+ 



^l+2o-+a p2+2o-+a p2+2a+2it+a p3+4a+2it+a pl+2a+[3 



+ 



p2+a+j3 p2+2a-2it+/3 1 pZ+Aa -2it+ ft 



Here 



G(a, (3; a, t) 



C(l + 2a + a + /3) 



-H(a, f3; a, t) 



C(l + 2a + a)C(l + 2a + /3)' 
where i/ is given by an absolutely convergent Euler product for 

min(8(a),8(/3), »(a + /?)) > -2a - c 

for some c > 0. This is to say that the contour giving S\ under the natural average is 
the same as for the harmonic average up to a change in the absolutely convergent Euler 
product. Thus the analysis of S\ from the previous section goes through without change 
to give 

Sl = C(1 + 2ff ) (j(4 + 4a) IC(2 + 2a + 2U)]2 ° ; a ' t] + = 1 + ° {k ~ e<J) - 



It is again the case that the contour integral giving S 3 is the same for the natural average 
as for the harmonic average, up to an absolutely convergent Euler product. Thus the 
analysis of the previous section yields the bound 9£(<S 3 ) = 0(k~ e °~), which completes the 
proof of Proposition 16.21 
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